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Abstract
For N -coupled generalized time-dependent oscillators, primary invariants and
a generalized invariant are found in terms of classical solutions. Exact quan-
tum motions satisfying the Heisenberg equation of motion are also found. For
number states and coherent states of the generalized invariant, the uncertain-
ties in positions and momenta are obtained.
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In the time-dependent coupled oscillator system, the invariant method is powerful in
analyzing the quantum mechanical behaviors. The Lewis-Riesenfeld (LR) invariant [1,2] has
been derived by various methods such as time-dependent canonical transformations [3,4],
Noether theorem [5], and Ermakov’s technique [6]. While the LR invariant is quadratic in
position and momentum operators, the primary invariant found in Ref. [7] is linear in the
operators.
The primary invariant is so simple in structure that it may be useful in studying time-
dependent coupled oscillators. Recently, Ermakov-Lewis invariant has been constructed
using amplitude-phase decomposition in a coordinate-coordinate coupled systems [8]. For
the most general form of coupled oscillators which includes any couplings of coordinates and
momenta, the LR-type invariant was found using the canonical transformation [3] and the
first-order invariant was constructed using the Noether theorem [9].
In the Heisenberg picture, the quantum motions of position and momentum in a single
oscillator system have been found in Ref. [10], where the LR invariant exhibits the time-
independency explicitly. In this Letter, we extend the previous work [10] to the coupled
oscillators. Since the coupled parametric oscillator system studied here is the most general
form, our results will be applied to the studies in quantum optics as well as in atomic and
molecular physics. We construct primary invariant and LR invariant in terms of classical
solutions and find the time-evolutions of position and momentum operators which are the
solutions of the Heisenberg equations.
Let us consider a general oscillator type Hamiltonian
H(t) = Aµν(t)z
µzν +Bµ(t)z
µ + C(t) (1)
where the matrix Aµν is real and symmetric. As a unified notation for the coordinates in
phase space, we use {zµ} : qi = zi, pi = zN+i. Here all Greek indices α, β, ... range from
1 to 2N and Latin indices i, j, ... range from 1 to N . The symplectic matrix [ǫµν ] and its
inverse matrix [ǫµν ] are defined by
2
ǫ ≡ [ǫµν ] =

 0 1N
−1N 0

, [ǫµν ] =

 0 −1N
1N 0

, (2)
where 1N is an N ×N identity matrix.
We look for the primary invariant of the form
b = vν(t)z
ν(t) + u(t) (3)
which satisfies the invariant equation
∂
∂t
b(t)− i[b(t), H(t)] = 0. (4)
From this invariant equation and the commutation relation [zµ, zν ] = iǫµν , we have a system
of the first order differential equations for vν and u:
v˙ν + 2vσǫ
σρAρν = 0, (5)
u˙+ vνǫ
νσBσ = 0. (6)
Note that Eq. (5) is identical with the homogeneous part of the classical equation of motion
(Hamilton’s equation) for Eq. (1):
z˙cl,ν = −2zcl,σǫσρAρν +Bν (7)
with zcl,ν = ǫνρz
ρ
cl. For Eq. (6), the solution of u is easily found by the direct integration
u(t) = u(0)−
∫ t
0
vν(s)ǫ
νσBσ(s)ds. (8)
If we represent the solution of Eq. (5) as a complex row vector, there exist 2N linearly
independent solutions which we label v(1)(t), ...,v(2n)(t). Combining these solutions together
we define the solution matrix
V = [vµν ] =


v(1)
...
v(2n)


(9)
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which obeys
V˙ = −2V ǫA. (10)
This solution matrix is not determined uniquely because the linear combination of solu-
tions is also a solution. In other words, if V is a solution matrix, so is CV with a nonsingular
constant matrix C. We choose the solution matrix of the form:
V = i

 −π
∗ φ∗
π −φ

 (11)
satisfying the following initial conditions with arbitrary parameters ωi,
φij(0) =
1√
2ωi
δij , πij(0) = −i
√
ωi
2
δij , (12)
where φ = [φij] and π = [πij ] are N × N matrix. Then we have the following 2N -primary
invariants
bµ = vµν(t)z
ν(t) + uµ(t) (13)
which satisfy (i) bi = bi, b
N+i = b†i (ii) [b
µ, bν ] = vµαv
ν
βiǫ
αβ = ǫµν . These conditions (i) and
(ii) mean that we can interpret bi(bi†) as the annihilation (creation) operator. Inversely,
position and momentum operators are given by
qi(t) = φijbj − φijuj + h.c. (14)
pi(t) = πijbj − πijuj + h.c. (15)
where we have used
V −1 = iǫV T ǫT =

 φ φ
∗
π π∗

. (16)
With the first-order invariants, the LR type invariant is constructed as
I =
N∑
i
ωi
(
b
†
ibi +
1
2
)
. (17)
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The eigenstates of the invariant (17) are the number states
|n〉 ≡ |n1, ..., nN〉 =
∏
i
b
†ni
i√
ni!
|0〉 (18)
where the state |0〉 is defined, as usual, by
bi |0〉 = 0, for i = 1, ..., N. (19)
Further, we define the coherent state as
|α〉 =
N∏
i=1
e−|αi|
2/2
∞∑
ki=0
αkii√
ki!
|ki〉 (20)
which satisfies
bi |α〉 = αi |α〉 . (21)
In the Heisenberg picture the time evolution of the system is described by the time
evolution of the quantum operators. By equating the invariants (13) in two different times:
vµν(t)z
ν(t) + uµ(t) = vµν(0)z
ν(0) + uµ(0) (22)
we deduce the quantum evolution of the Heisenberg operators
z(t) = V −1(t)V (0)z(0)− V −1(t)[u(t)− u(0)]. (23)
By direct differentiation, it is easily checked that zµ(t) satisfies the Heisenberg equation of
motion i d
dt
zµ = [zµ, H ]. In the explicit form of positions and momenta, we obtain
qi(t) = −iφij(t)π∗jk(0)qk(0) + iφij(t)φ∗jk(0)pk(0)− φij(t)[uj(t)− uj(0)] + h.c., (24)
pi(t) = −iπij(t)π∗jk(0)qk(0) + iπij(t)φ∗jk(0)pk(0)− πij(t)[uj(t)− uj(0)] + h.c.. (25)
These results can be easily obtained from (15) replacing bi by (13) at t = 0.
Now we examine the quantum properties of the eigenstate and the coherent state. The
variations in position and momentum are given by, for the number state (18),
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〈n| (∆qi)2(t) |n〉 =
∑
j
(2nj + 1)|φij|2, (26)
〈n| (∆pi)2(t) |n〉 =
∑
j
(2nj + 1)|πij|2, (27)
and for the coherent state (20)
〈α| (∆qi)2(t) |α〉 =
∑
j
|φij|2, (28)
〈α| (∆pi)2(t) |α〉 =
∑
j
|πij|2. (29)
Furthermore the expectation values of the position and the momentum for the coherent
state is
〈α| qi(t) |α〉 = φijαj − φijuj + c.c., (30)
〈α| pi(t) |α〉 = πijαj − πijuj + c.c., (31)
which are the same as those of the classical motion.
Finally we suggest that our formalism can be applied to the following type of Hamiltonian
H(t) = Aµνaµaν + Bµaµ + C (32)
where
Aµν = AρσΛρµΛσν , Bµ = BρΛρµ. (33)
Here we have introduced the creation and annihilation operators defined with an arbitrary
parameter λ by
qi =
√
1
2λ
(ai + a
†
i ), (34)
pi =
1
i
√
λ
2
(ai − a†i ), (35)
or in the unified notation (ai = a
i, a
†
i = a
N+i)
zµ = Λµνa
ν (36)
with
6
Λ =


√
1
2λ
1N
√
1
2λ
1N
1
i
√
λ
2
1N −1i
√
λ
2
1N

. (37)
In summary, we find the primary(first-) and second-order(LR-type) invariants of the
N -coupled generalized time-dependent oscillators. Using the primary invariants, we find
the exact quantum motions for the position and the momentum operators satisfying the
Heisenberg equation of motion. The primary invariants give very simple method to find
the quantum motions. We also studied the quantum properties of the eigenstates and the
coherent states for the LR-type invariant. As in the case of the single parametric oscilla-
tor [10–12], the classical solutions give all the descriptions of the corresponding quantum
system.
This work was supported by the Korean Science and Engineering Foundation and the
Center for Theoretical Physics (SNU).
7
REFERENCES
[1] H.R. Lewis Jr., Phys. Rev. Lett. 27, 510 (1967); J. Math. Phys. 9, 1976 (1968).
[2] H. R. Lewis Jr. and W. B. Riesenfeld, J. Math. Phys. 10, 1458 (1969).
[3] P. G. L. Leach, J. Math. Phys. 18, 572 (1977); 1608 (1977).
[4] P. G. L. Leach, J. Math. Phys. 20, 96 (1979).
[5] M. Lutzky, Phys. Lett. A 68, 3 (1978).
[6] J. R. Ray and J. L. Reid, Phys. Lett. A 71, 317 (1979); J. Math. Phys. 20, 2054 (1979).
[7] I.A. Malkin and V.I. Man’ko, Phys. Lett. A 32, 243 (1970).
[8] K.-E. Thylwe and H. J. Korsch, J. Phys. A 31, L279 (1998).
[9] O. Castan˜os, R. Lo´pez-Pen˜a and V. I. Man’ko, J. Phys. A 27, 1751 (1994).
[10] J.-Y. Ji, J. K. Kim, and S. P. Kim, Phys. Rev. A. 51, 4268 (1995).
[11] H.-C. Kim, M.-H. Lee, J.-Y. Ji, and J. K. Kim, Phys. Rev. A 53, 3767 (1996).
[12] M.-H. Lee, H.-C. Kim, and J.-Y. Ji, J. Korean. Phys. Soc. 31, 560 (1997).
8
